The inverse problem of scattering is solved for 3D inhomogeneities of the complex permittivity in multilayer media. The proposed solution involves an analysis of the 2D lateral distributions of the scattered field with the imposed condition of the probing field invariability relative to the receiver. A generalization of the solution beyond the Born approximation is given. Necessary k-space representations of Green functions for a multilayer medium with an arbitrary located source are obtained analytically in closed forms. Based on this solution, methods of multifrequency and multilevel subwavelength tomography are developed; their feasibility is shown for multifrequency tomography in a three-layered absorbing medium and for multilevel tomography with a perfect lens that can enhance the sounding depth. The developed approach is valid not only in electromagnetic theory, but also in similar problems of quantum mechanics and acoustics.
Introduction
Inverse problems of scattering (IPS) are widely used in various methods of sounding and tomography of media parameters in electromagnetism, acoustics and quantum mechanics. For one-dimensional (1D) distributions of media parameters, the IPS lead to the known Gelfand-Levitan-Marchenko equation [1] . This approach does not lend itself to an immediate generalization to three dimensions, and numerous authors have tried to extend it to 3D problems with only partial success for special cases of spherically symmetric potential and full view tomography (when an object is illuminated from different directions and for each of them the scattered field is measured at various angles around the studied region) (Faddeev [2] , Wolf [3] , Newton [4] ). Moreover, such generalizations are inapplicable to layered or absorbing media. The solution of this problem is especially complicated in the case addressed below, when the acquisition of data around the sounded region is impossible, e.g. in the subsurface tomography, when the lateral distribution of the scattered field is measured above this region [5] . From the general theory of tomography that has been developed by Radon [6] and interpreted further by Tikhonov in terms of the ill-posed problems theory (see, for example, [7, 8] ), it is evident that to obtain a 3D tomogram one has to use a 3D data array, so 2D measurements along the interface of the sounded region should be carried out depending on a third parameter that determines the depth sensitivity (such as signal frequency).
It is not easy to apply the general theory of tomography directly to IPS, especially in electromagnetism (EM) where even the calculation of fields is an extremely complicated problem itself. The corresponding 3D inverse problem is ill-posed and much more time consuming. It leads to a limitation of the grid size used in calculations and, hence, to a limitation of the achievable resolution, i.e. the ability to resolve the smallest details in an object. Another constraint of resolution is the Rayleigh diffraction limit (half-wavelength in the case of full view tomographic reconstruction [2] ). It seems obvious that the resolution can be increased by employing shorter wavelengths. But usually, as the wavelength decreases the penetration depth of the probing field decreases due to increasing absorption and scattering.
Various approaches and statements of IPS have been proposed to overcome these difficulties. These approaches are more advanced in the ultra-low frequency EM tomography of anomalous conductivity distributions in the earth's crust (up to several kilometers in depth) in geophysical applications [9, 10] , and in the microwave tomography of living tissues [5] . At ultra-low frequencies, where Leontovich's approximation is valid, the probing field corresponds to a plane wave propagating in the vertical direction. Hence, expressions for Green functions that form the kernel of the nonlinear integral equation for EM fields are very simple in this case. The extinction depth is frequency dependent, so multifrequency measurements are depth sensitive. At higher frequencies, the structure of Green functions in the tomography of targets buried in a half-space is much more complicated. The proper way to express them in this case-as well as for the multilayer media considered here-is the plane wave decomposition (k-space representation) [5, 11] .
The restriction of the IPS solution related to the diffraction limit of resolution can be surmounted in methods based on the scattering of evanescent waves. In optics, for the subwavelength tomography of targets in the free space or in half-space media, the method of coherent total internal reflection tomography (TIRT) has been proposed by Carney and Schotland [11, 12] . They have developed this approach, firstly, to obtain the structure of dielectric susceptibility of samples in the free space that are exposed into single evanescent plane waves launched at the total internal reflection of rays in prisms. The depth sensitivity in TIRT is related to extinction depth variations for evanescent waves launched in a prism at different angles. The scattered field is measured in the far-field zone. A comprehensive review of these works can be found in [13] , where a variety of possible measurement modalities including scanning near-field optical microscopy (SNOM) in the collection mode have been considered. An experimental demonstration of this approach is given for the case of 2D samples in [14] .
Similar ideas have been applied in proposed methods of tomography based on measurements of diffuse light-the reconstruction of the spatial distribution of the optical absorption and diffusion coefficients of an object from a set of measurements taken on its surface [15] . Various measurement schemes for the tomography in strongly scattering media have been studied in [16] . In this connection, the low-coherence light tomography that performs cross-sectional imaging by measuring the backscattered intensity of light from structures in tissue should also be mentioned [17] .
It is quite obvious that the application of TIRT is restricted when it is impossible to launch single evanescent waves (because of the absence of total internal reflection at the interface of dielectric media, for example). Moreover, the resolution of TIRT is limited-it depends on the dielectric contrast on the interface. To overcome the mentioned problems, the method of near-field scanning tomography [5] has been proposed-to use the probing field of a smallaperture source (scanning in the near-field zone above the surface). The property of such a source to generate a whole spectrum of evanescent waves into a half-space makes it possible to realize, in particular, the tomography based on SNOM measurements in the illumination mode (measurements of variations of the total transmitted power). The kernel of the obtained one-dimensional Fredholm integral equation depends not only on frequency, but also on the source (probe) parameters, such as its size and the altitude above the surface-these parameters can be used as depth-sensitive parameters instead of extinction depth in TIRT.
The dependence of the effective depth of formation of the received signal on the smallaperture probe size and on the probe-interface distance has been discovered experimentally [8, 18] , and, then, it has been used in the methods of passive and active microwave tomography of subsurface temperature and permittivity. In the active (impedance) microwave sounding, variations of the signal from resonant antennas are related to variations of the inserted impedance (induced by the scattered field). Such measurements have been successfully applied for tomography of the subsurface permittivity in living tissues, where a subwavelength resolution has been achieved (sizes of the tomogram were less than the wavelength) [5] . However, as opposed to the above-mentioned scanning tomography based on measurements of various integral parameters, it seemed impossible to reduce the inverse problem to a one-dimensional integral equation for near-field measurements of the scattered field itselfand impossible to apply the transverse Fourier transform to the corresponding field integral equation [5] .
The method, proposed in this paper, overcomes this difficulty not only for a half-space, but also in a more general case of multilayer media. It is clear that the above-mentioned applications of TIRT and other methods of plane wave sounding are still more restricted in this case. Really, the necessary set of single plane waves cannot always be formed in such media. Instead of single evanescent plane waves, we propose, like in [5] , to use the probing field of a near-field source. The key point of the proposed IPS solution is the method of data acquisition: it involves an analysis of the 2D lateral distribution of the scattered field at the unchanging source-receiver relative position in the near-field zone above (or below) the studied region. On the one hand, this approach overcomes the mentioned difficulties of TIRT; on the other hand, it enables one to reduce IPS to the one-dimensional integral equation and, thus, opens a way to a rigorous solution, at least, in the Born approximation. It makes it possible to overcome grid size restrictions at computation and corresponding limitations of resolution.
Two schemes of measurements are proposed: (a) multifrequency 2D scanning over lateral coordinates at several frequencies; (b) multilevel 2D scanning in several planes. The depth formation of the received signal is determined by the frequency or by the vertical position of the scanning plane, respectively. Here it is worth mentioning again that the depth sensitivity of near-field measurements depends also on transfer functions of the source and receiver (determined mainly by their sizes) and on the source-receiver distance. These dependences could also be involved in the solution of IPS like in [5] where dipole probes of different sizes were in use.
The solution of the inverse problem begins with the Born approximation; then, an iterative method to solve the problem beyond this approximation is proposed. In general, it implies the solution of 3D equations, but it is very important to note that we propose here a simplified form of this algorithm based on the solution of one-dimensional equations. In this connection, papers [9, 10, [19] [20] [21] [22] should be mentioned where the multiple scattering has also been taken into account within the frameworks of various simplified approaches. The idea to use the multiple scattering that encodes superresolution in the far field was also explored in [23, 24] . In this paper, necessary Green functions for a source in any layer inside a multilayer medium have been obtained analytically in closed forms to calculate sounding and scattered fields and, also, to use them in the kernel of the IPS integral equation. The derivation was based on the general theory of waves in layered media that can be found in [25] [26] [27] with related references. Various generalizations for more complicated media have been published in [28] [29] [30] . The convenient approach to express fields as Sommerfeld integrals (with integration over complex angle of incidence) and a series of cylindrical functions is unsuitable for the solution of the inverse scattering problem-to achieve this goal, we use here the k-space representation of fields, i.e. the 2D Fourier transform over transverse (lateral) coordinates. It makes it possible to obtain the desired Green functions in an explicit form, employing the input impedances formalism and summation of geometric series of multiple-reflected plane waves [25] .
It is also worth mentioning that the proposed method of data acquisition-i.e. fixing the source-receiver relative position when scanning-has another important advantage: all signal variations are related to the studied inhomogeneities only. In media where scanning is impossible and it is necessary to use some 'implanted' system of multisensory control, this method of data acquisition could be used at the stage of data processing, as well.
Inverse scattering problem in multilayer media
Let us consider a multilayer (in the z-direction) medium (see in figure 1 ). If the scattering region is embedded in the lth layer of the multilayer structure with ε = ε 0l , μ = μ 0l , the complex permittivity ε = ε + iε in this layer can be written as ε(r) = ε 0l + ε 1 (r). To solve the inverse scattering problem, it is necessary to obtain formulas for the probing field of the source placed in the kth layer and the scattered field of secondary sources ε 1 (r) of sounding inhomogeneities placed in the lth layer.
In a homogeneous space (ε, μ = const), the current density j generates the field that satisfies the wave equation for the vector potential:
where j(r) is the current distribution in the source, k 2 = (ω/c) 2 εμ, ω is the angular frequency and c is velocity of light. The solution is expressed as the convolution of the current distribution and the Green function in the form of a spherical wave:
where all the currents are inside the volume V . The k-space representation of the spherical wave leads to a plane wave expansion of the vector potential:
The double sign is plus at z − z > 0 and it is minus at z − z < 0;
The complex amplitude of the electric field for the time dependence exp(−iωt) is
From (3) and (4), we have E(r) in the form of a plane wave decomposition (the Green function is expressed as a 2D inverse Fourier transform of its 2D spatial spectrum). For the following calculations of the field distribution in multilayer media, it is necessary to express this decomposition as a sum of TM (||) (the vector of the electric field lies in the incidence plane) and TE (⊥) (the vector of the magnetic field lies in the incidence plane) waves:
The convenient summation over repeated indices (i, j = x, y, z) is implied in (5) . It is suitable to note here that inside a current distribution g zz =
−iκ x x−iκ y y dx dy. Returning to the result of this transform from
Now, using this representation in a homogeneous space, it is possible to solve the problem for a multilayer medium. Let us obtain the probing field in the lth layer generated by a source placed in the kth layer (figure 1). Using the formalism of the input impedances w (k) in [25] , one has necessary reflection and transmission coefficients (R, T) from boundary conditions for impedances (w k ) and tangential components of electric and magnetic fields. For TM and TE field components in the lth layer generated by corresponding components of an incident plane wave in the kth layer one has
where
is the reflection coefficient of the structure at z > z k . To find field amplitudes (7), consider the field in the kth level where a source is placed. Each plane wave in the expansion (7) produces multiple-reflected waves, and the resulting field at z − z > 0 for each component in (7) can be expressed as a sum of four basic plane waves (figure 1): two incident waves 1, 2 and two corresponding reflected waves 3, 4; each of them, in its turn, includes a sum of a geometric series of multiple-reflected plane waves:
Using the known formula for the sum of a geometric series, one has the incident field at z = z k :
and, from (7)-the desired expression for the field components in the lth level generated by a source placed in the kth level:
and, for the total field:
with the Green tensor in k-space
. In Cartesian coordinates, one has the field distribution as the convolution of the current distribution and the Green function:
Then, let us obtain the scattered field in the kth level from a target placed in the lth level. The necessary components of the Green tensor are obtained as above, taking into account the inversion in the wave direction. From Maxwell's equation
one has
and it is possible to consider the first term on the right-hand side of (14) as an effective current source
ε 1 E of the scattered field. Then, representing the total electric field in the lth layer in (12) as a sum of reference (probing) and scattered fields E(r) = E 0 (r) + E 1 (r), obtain corresponding expressions that solve the direct problem of electrodynamics:
Equation (15) is, in fact, the Fredholm equation of the second kind (integral form of Maxwell's equations that includes boundary conditions). If conditions
are constants) are satisfied, the theory leads to the solution of this equation written as
where the resolvent R in (19) is determined by the Neumann series. In practice, the solution of (15) is typically obtained iteratively, beginning with the Born approximation (the first term of the Neumann series):
There are also approaches based on the solution of a Dyson equation for the resolvent (see, for example, [31] ).
The solution of the inverse problem of scattering for the nonlinear integral equation (18) with a 6D kernel is a much more complicated problem. As was noted above, it is evidently the way to begin the study using the Born approximation
The Born approximation is valid if
To apply (21) in the solution of the inverse scattering problem, the correction of the second term in the Neumann series should be less than the measurement errors of the scattered field, and it is necessary to study this applicability for every target. Even though the Born approximation is valid, it is difficult to solve (21) as a 3D equation, and it seems reasonable to reduce it to a one-dimensional integral equation representing the scattered field in the k-space in the same way as it was done above for the probing field. However, as opposed to (17) , equation (21) , in general, is not a convolution equation over lateral coordinates. However, there are ways to reduce (21) to convolution equations.
(1) This equation can be considered as a system of three convolution equations (because ↔ G is a tensor) to find the product (ε 1 E 0j ) by measurements of three components of the scattered field; however, it looks like a very difficult task. Also, multifrequency sounding cannot be used in this case because the sought quantity is frequency dependent. But there are simpler ways out. (2) If, like in TIRT, there is a possibility of forming the probing field as single plane waves (for example, at sounding on an outer boundary of a multilayer structure), we can use the known property of the Fourier transform of a product with an exponent. If we launch a plane wave E k 0i (κ x , κ y , z ) (emitted by a remote source outside the multilayered structure-below the first layer), then, according to (7), the probing field in the lth layer is
Substituting this expression into (21), we find that the 2D Fourier transform leads (21) to a one-dimensional Fredholm integral equation of the first kind relative to the depth profile of the lateral spectrum of scattered field components:
At near-field measurements, the effect of the spectrum shift in (23) makes it possible to realize the subwavelength resolution. For far-field measurements of the scattered field, when single evanescent plane waves (κ
2 ) are in use for sounding, (23) can be considered as a generalization of TIRT for multilayer media. Taking into account that for a single plane wave κ 2 ⊥ < |κ k | 2 , the necessary condition for the TIRT application is |κ k | > |κ l |. For a simplest case of a dielectric half-space, the probing field E 0 ∼ e −|κ z |z and the extinction depth d ext ∼ 1/ |κ z | for available dielectrics should be greater than 0.04λ. This value can be considered as the resolution limit of TIRT.
(3) For a localized source of the probing field (current distribution), when one has a whole spectrum of plane waves, the Fourier transform of (21) is, in general, inapplicable [5] . However, as it was mentioned above, a way to realize such an approach was found. To this end, the structure of the reference field E 0 around the receiving point should be fixed. To satisfy this condition, it is enough to fix the source-receiver vector δr (it could be done in scanning as well as at the stage of data processing). In this case, the probing field in (21) can be written as
Changing variables of integration:
and one can see that
. This representation reduces the 3D integral equation (21) to the convolution equation over the lateral coordinates and, after the 2D Fourier transform, to the desired one-dimensional integral equation relative to the depth profile of the lateral spectrum of ε 1 for each pair of lateral spectral components:
The derivation of equation (26) can be considered as the key result of this paper. When the source and receiver are located in different layers, (26) remains valid if one uses proper Green tensors. It is a Fredholm integral equation of the first kind with the kernel that depends on a depth-of-formation parameter (such as the probe vertical position z, signal frequency or probe sizes). Using (24) and (26) in the nonlinear equation (18) , it is possible to generalize the inverse scattering problem beyond the Born approximation using the recurrent formula (27) that leads to the solution of the 3D integral equation:
Unfortunately, the reduction of (28) to a one-dimensional equation is impossible. Nevertheless, it can be used to obtain a correction of the solution beyond the Born approximation. For this, one can substitute ε
1 into the second term of the right-hand side of (28) . Then, again, it can be solved as a 1D integral equation.
Solution of the inverse problem
There are various possibilities of using (26) in the solution of the inverse scattering problem.
(1) Multifrequency scheme. In this scheme, the transversal 2D distribution of the scattered field in the kth level at different frequencies is in use. In this case, it is possible to express (26) as
The depth sensitivity of data is determined by the frequency dependence of the kernel K. This dependence is related to the frequency dependence of the extinction depth of near-field components k 2 ⊥ > |k| 2 of emitted and scattered fields. The dispersion of the absorption in sounded media can also contribute to the frequency dependence of K. (2) Multilevel scheme. In this case, data of 2D transversal scanning measurements of the scattered field at different vertical positions z into the kth layer. The depth sensitivity of data is related to the strong dependence of near-field components of emitted and scattered fields on the source-target and target-receiver distance, respectively. In this case, it is possible to express (26) as
Equations (29) and (30) should be solved for each pair of spectral components k x , k y of the sounded target spectrum ε 1 (k x , k y , z ). The solution of these Fredholm integral equations of the first kind is a known ill-posed problem, unstable relative to arbitrary small errors of data. The theory of these problems [7, 8] offers various regularization methods. Algorithms, based on Tikhonov's generalized discrepancy principal, have been successfully used in the solution of many problems of physical diagnostics [7, 8] . Unlike all these problems, in our case we deal with the complex function to be retrieved. So, to retrieve complex depth profiles of ε 1 in the k-space, mathematically consistent algorithms based on Tikhonov's generalized discrepancy principal have been worked out for functions in the complex Hilbert space W 1 2 (Sobolev's space) and applied in the numerical simulation.
Let us consider this algorithm for the case of multifrequency tomography. Equation (30) can be expressed in operator form as
where E δ 1 is the data vector measured with the errors δE 1 . The corresponding error parameter used in the solution is determined as
where E 1 (ω) corresponds to the exact solution ε 1 (z) and ω is the frequency band of analysis. This integral error of the scattered field in the k-space can be easily estimated by the known integral error of the measured signal using Plansherel's theorem. It is necessary to take into account errors of the kernel, typically related to the discretization at the numerical solution:
where K h corresponds to the approximate kernel and h is a constant. The error of the Born approximation can also be included in this error component. Also, both kinds of error can lead (not necessary) to the incompatibility of data with the equation that should be taken into consideration as an additional contribution to errors:
where the regularization parameter α is obtained from the one-dimensional nonlinear equation of the generalized discrepancy
In the above expressions, x is a norm of a function as an element of the complex Hilbert functional space L 2 (the space of square-integrable functions) or W 21 (the complex Hilbert space of square-integrable complex-value functions with square-integrable generalized derivatives). Particularly, in expression (35) , one has
(38) includes all the above-noted error components. In applications, it is reasonable to use the proper discretization, so that δ h << δ E 1 . The level of δ 2 μ can be determined in the process of minimization of the discrepancy. To minimize the functional (35), the method of conjugate gradients has been applied that achieves the minimum at the finite number of steps. The regularization parameter is a monotonic function of δ, so the chord method was applied to solve (36) . Finally, when the problem is solved for each pair of spectral components, the tomography result (desired 3D structure of permittivity) is obtained by the inverse Fourier transform
The main advantage of the developed approach is the convergence of the approximate solution to the exact solution in W 1 2 -space (also known as Sobolev's space) at δ → 0 in the integral metric L 2 . According to Sobolev's embedding theorem, this leads to the uniform convergence of the solution (in C-metric). As shown in [8] , it makes it possible to use the results of few numerical simulations for typical cases for the estimation of the retrieval accuracy under considered conditions. In this connection, it is important to stress again that other known methods of the solution of Fredholm integral equations of the first kind have only mean-square convergence, and hence, their accuracy should be studied using ensembles of retrieved distributions. Also, typically, these methods need to fit the first guess, and hence, they are case sensitive.
We note that similar integral equations can be easily obtained for the case when the signal intensity is measured, if |E 1 | |E 0 |. Also, it is easy to take into account source-receiver transfer functions in the solution. 
Multifrequency and multilevel tomography

Multifrequency tomography in the three-layered medium
Using equation (26) in the form (29) , an algorithm for the method of multifrequency tomography has been worked out and studied in the numerical simulation. Data of the 2D lateral scanning of E 1x (x, y, f ) (where f = ω/2π ) at five frequencies f i = f 1 i, i = 1, . . . , 5 in the region 1.5-7.5 GHz have been simulated for the three-layered dielectric medium (μ = 1) (figure 2). In this simulation of the biomedical sounding, the scheme with the source-receiver position in the waveguiding layer 2 with water-like dielectric parameters is considered. Inhomogeneous targets are located in layer 3 that has 'living tissues' dielectric parameters. All sizes are given at the scale of the shortest wavelength λ 5 = 0.43 cm in layer 2 (the arrow marked in figure 2 ). This wavelength in layer 2 is much less than the corresponding free-space wavelength, so we achieve a better resolution (the spectrum of evanescent waves is broader). In our simulation, the point source j(r − r − δr) = j z δ(r − r − δzz 0 )z 0 is scanning over x, y in layer 2 in the plane z = z s = −0.1λ 5 -below the interface and at the vertical distance δz = −0.1λ 5 from the point, where the x-component of the scattered field E 1x (x, y, z s − δz) is measured at five frequencies. To simulate measurement errors, the normally distributed random noise is added (simulation results are presented for the rms of the noise level
). The sizes of the field region, included in the analyses, were chosen to take into account all the variations above the error level. To retrieve images, the discretization with 100 elements in the x-and y-directions and 25 elements in the z-direction has been in use. It provided a small enough level of kernel errors at calculations δ h < 0.1δ E 1 . The inhomogeneities are formed using two gauss-like distributions
The results of this tomography in the vertical section shown in figure 2 (with a shift to the right along the x-axis relative to the initial distribution) demonstrate a high-quality subwavelength resolution and the unexpectedly perfect vertical localization of inhomogeneities achieved at the assumed relative accuracy of 0.05.
The transverse resolution of the tomography shown in figure 3 appears, as it could be expected, even better. The influence of random errors can be clearly seen in the k-space tomography image ( figure 3(d) ), but this influence is smooth in the spatial domain image (figures 3(f) and (h)). Both real and imaginary parts of the permittivity inhomogeneities have been retrieved almost perfect.
This method has been applied in a more simple case of the microwave tomography of low-contrast subsurface inhomogeneities in a dielectric half-space, and first encouraging experimental results have been obtained-tomography images of permittivity inhomogeneities related to the melting ice in the sand [36] .
Perfect lens multilevel tomography
Let us consider the application of the IPS solution to the perfect lens [32] tomography, using the integral equation (26) in the form (30) . In this case, results are valid for any wavelength because the spatial scale can be measured in free-space wavelengths. As was shown in [32] , a slab of negative refractive index material (ε = −1, μ = −1) has the power to focus all the Fourier components of a 2D image, making the perfect resolution achievable. The focus can be immersed far into the studied region, and this property of perfect lenses could enhance the depth of the subwavelength scanning tomography. The scheme of the proposed measurements is shown in figure 4 . All the propagating and evanescent wave components meet in the outer focus at z f = 2d − | z s | (as if the source at z = z s were transferred to this point). This focus can be moved into the studied region inside the interval d < z f < 2d. So, according to [32] , the exact image of an object in the plane z f = 2d can be formed by this lens, but any part of the image will be inevitably distorted outside the focus plane. The proposed approach to the IPS solution makes it possible to develop the perfect tomography of a 3D object by lateral scanning, changing the vertical position of the focus throughout the studied region.
However, it is not so easy because the field of a point source has a singularity in two focuses placed inside and outside of the lens, and increases drastically from the outer focus to the lens surface. Such immersion of the focus into the studied region is possible for a quasi-perfect lens where the probing field has no singularity. Because of this reason, we consider here the measurement scheme of the perfect lens scanning tomography, where the focus moves below the studied region so that only the near-field region of this transferred source immerses into it. The source-lens distance will serve here as the depth-of-formation parameter.
We simulate the retrieval of the 3D permittivity distribution ε(r) by the x-component of the scattered field E 1x (x, y, z i + δz) 'measured' at the vertical distance δz = −0.1λ from the point source j(r − r − δr) = j z δ(r − r − δzz 0 )z 0 . Using data of the 2D multilevel scanning at five levels z si below the lens (in the range −0.5λ < z si < −0.1λ), we apply the proposed tomography for the same inhomogeneous targets as in figures 2 and 3, but located at z m1 = z m2 = 2d+0.8λ The results of the tomography in a horizontal plane are shown in figure 5 . Again, it is seen that the quality of the tomography in the transverse direction is better than that in the vertical direction.
It is especially important that the penetration depth of the perfect lens tomography could be much deeper as compared with the simple near-field sounding (figures 2 and 3).
There are also other differences between two above-considered methods. As it is possible to see in figures 2(b) and 4(b), the spectrum width of the 'measured' scattered field is wider for the sounding from the waveguiding layer. As a result, the resolution of tomography images in this case is somewhat better. Because the achievable resolution is determined by the width of the spatial spectrum of evanescent components of the measured field, it is reduced with the target depth at κ x > 2π/z, κ y > 2π/z. So, in real applications, it is difficult to achieve the resolution better than 0.2-0.3z, taking into account that it is also restricted by the transfer function of a source (j k i (κ x , κ y )in (23) ) and, similarly, by the transfer function of a receiver. High-frequency spectral components are suppressed at κ x > 2π/L x , κ y > 2π/L y (L x , L y are characteristic sizes of the source or receiver). In the above-considered cases, the limitation of resolution is yet insignificant. This limitation grows with the target depth, and for the case of the tomography simulation of a small (σ x1 = σ y1 = σ z1 = 0.125λ) gauss-like target at z m = 2d+2λ it leads to a visible loss in the image resolution (see figure 6 ). But the targets position and its form are yet reproduced quite correctly.
It is necessary to note that the influence of absorption in non-perfect left-handed materials can restrict the range of subwavelength focusing [33] , but even a small enhancement of the penetration is very important for many applications. A review of the methods being developed currently to correct the absorption effect can be found in [34] . Recently, a reliable way to overcome this problem has been proposed in [35] .
Conclusion
The inverse problem of scattering is solved for inhomogeneities imbedded in a multilayer medium. The key point of the developed theory is the proposed acquisition of the scattered field upon condition of invariance of the probing field relative to the receiver. It offers an opportunity to solve this problem at the near-field source-receiver position and, hence, to achieve the subwavelength resolution. This solution is used in the proposed methods of multifrequency and multilevel tomography where the feasibility of such resolution is demonstrated. It was also shown that the use of perfect lenses leads to a deeper penetration of this tomography.
